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Abstract
We develop a diagrammatic approach for calculating the high temperature expansion of dynamic
correlation functions, such as the electron Green’s function and the time-dependent density-density
and spin-spin correlation functions, for the infinite-U Hubbard Model with any number of spin
species. The formalism relies on the use of restricted lattice sums, in which distinct vertices of the
diagram represent distinct sites on the lattice. We derive a new formula for the restricted lattice
sum of a disconnected diagram consisting of several connected components, and use it to prove the
linked cluster theorem with respect to “generalized connected diagrams”, formed by overlapping the
original connected components on the lattice. This enables us to express all quantities as a sum
over these generalized connected diagrams. We compute the Green’s function to 4th order in βt
for the case of m spin species on a d-dimensional hypercube by hand. We take the m → ∞ limit,
enabling us to obtain expressions for the Dyson-Mori self-energy to 4th order in βt for the case of
an infinite number of spin species. This may have connections to slave boson techniques used for
the study of this model. Our approach is computationally more efficient than any used previously
for the calculation of the high temperature expansion of dynamic correlation functions, and high
order results for both the Green’s function and the time-dependent density-density and spin-spin
correlation functions shall be presented in a separate paper [25].
1 Introduction
1.1 Motivation
The Hubbard model described by the hamiltonian
H = −
∑
ijσ
tijc
†
iσcjσ + U
∑
i
ni↑ni↓ − µ
∑
i
ni, (1)
is one of the simplest models of itinerant electrons interacting on a lattice. Its solution for large enough
values of U
t
is believed to contain many of the exotic properties observed in real materials, such as the
cuprates. Recently, there has been much interest in understanding the behavior of dynamic correlation
functions in this model in the limit of extreme correlations, that is, when the onsite repulsive potential
U tends to infinity. In this case, the Hilbert space is Gutzwiller projected, and each site is restricted
to single occupancy. This is referred to as the infinite-U Hubbard model, and its Hamiltonian can be
written in terms of the Hubbard X operators[12].
H = −
∑
ijσ
tijX
σ0
i X
0σ
j − µ
∑
iσ
Xσσi . (2)
The operatorXabi = |a〉〈b| takes the electron at site i from the state |b〉 to the state |a〉, where for a model
with m spin species, |a〉 and |b〉 are one of m+1 allowed states, m single occupancy states corresponding
to the m spin species, and the zero occupancy state. For the usual case of m = 2 these are the states
| ↑〉, | ↓〉, or |−〉. Due to the non-canonical nature of the Hubbard X operators, the limit of extreme
correlations presents great conceptual and technical challenges.
The recently developed “Extremely Correlated Fermi Liquid Theory” (ECFL)[1][2] due to Shastry, has
made impressive progress towards understanding this limit. A key idea that has emerged from this theory
is the particle-hole asymmetry in the spectral density of the electron Green’s function, and the spectral
density of the Dyson-Mori self-energy, which becomes more pronounced as the density n→ 1[1, 13, 14].
This breaks a previous paradigm, in which the Fermi-liquid state was always believed to be particle-hole
symmetric. This asymmetry is fundamentally a consequence of the Gutzwiller projection in the extreme
correlation limit.
Recent DMFT studies of the Hubbard model have also emphasized the presence of this particle-hole
asymmetry for large values of U [5]. A recent comparative study between ECFL and DMFT has explored
the connection between these two methods further, demonstrating that the asymmetry is captured natu-
rally through the ECFL functional form, by assuming simple particle-hole symmetric behavior for the two
auxiliary ECFL self-energies[3, 4]. A comparative study between the ECFL and Numerical Renormaliza-
tion Group calculations for the infinite-U Anderson impurity model points to the same conclusion[15]. In
terms of experimental implications, the particle-hole asymmetry has important consequences for under-
standing the large Seebeck coefficient of strongly-correlated materials[5], and understanding the anoma-
lous line shapes of Angle-Resolved Photoemission Spectroscopy experiments, as has been done through
the ECFL functional form[16][17]. Therefore, many different sources of theoretical and experimental im-
petus point towards the importance of the extreme correlation limit, and its theoretical and experimental
implications.
1.2 Previous work
An important tool in the study of the Hamiltonian in Eq.(2) is the high temperature expansion. In
this expansion, various static and dynamic quantities such as the thermodynamic potential, the electron
Green’s function, and the (time-dependent) density-density and spin-spin correlation functions are ex-
panded in the parameter βt, where β is the inverse temperature. Some recent examples of the use of the
high temperature expansion can be found in Refs. [18] and [19], in which it is used synergistically with
ECFL and DMFT respectively. In Ref. [18], the high-temperature expansion for the electron Green’s
function in the infinite-U Hubbard model is used to benchmark ECFL calculations. Furthermore, com-
bined with insight gained from the asymmetric shape of the ECFL spectral function, it is used to study
the evolution of the Fermi surface in the limit n → 1. In [19], the high temperature expansion and
DMFT are used to study the thermodynamic properties of the Hubbard Model and its implications for
cold atomic gases in optical lattices.
In the 1970’s and 1980’s, Plischke[9], Kubo and Tada[10] extended the methods of Betts et. al.[8] (for
the XY model) to the study the thermodynamic and ferromagnetic properties of the infinite-U Hubbard
model, through the calculation of the high temperature expansion of the thermodynamic potential and
static correlation functions. Although series expansions usually seek to remove disconnected diagrams
using the linked-cluster theorem [6, 7], their approach contains disconnected diagrams and relies on
the use of restricted lattice sums, in which distinct vertices of a diagram represent distinct sites on
the lattice. In 1991, Metzner formulated the linked-cluster expansion around the atomic limit of the
Hubbard model[11], in which the lattice sums are unrestricted, and disconnected diagrams are explicitly
eliminated from the formalism. Metzner’s expansion applies to both static and dynamic quantities, such
as the single particle Green’s function, and higher order dynamic correlation functions. In spite of this,
there have not been many numerical results for the high-temperature series for dynamic correlation
functions. Some notable exceptions are presented in Refs. [24] and [20], in which the Green’s function is
calculated to 8th order for the infinite-U Hubbard model, and 5th order for the finite-U Hubbard model
respectively, using the Metzner (or similar) formalism.
1.3 Results
In this work, we extend the method of Kubo et. al. to the calculation of dynamic correlation
functions for the infinite-U Hubbard model. We introduce an improvement in the evaluation of the
spin sum and signature of a diagram, which permits us to make this evaluation with greater ease and for
an arbitrary number of spin species m. We also introduce a novel approach for dealing with the problem
of disconnected diagrams, this is the main achievement of our work. Although this problem has been
addressed in various ways in the context of high-temperature expansions of the Ising and Heisenberg
models[7], and the methods adapted to the infinite-U Hubbard model by Kubo et. al., our approach
is distinct from those taken previously. It has the advantage that it can be easily generalized to the
case of dynamic correlation functions, as we do here. In our approach, first the connected diagrams
are evaluated. Their contribution feeds into a temporal part and a spatial part, the latter consisting
of the lattice sum of the diagram. Then, an arbitrary number of the connected diagrams are chosen
to create a “generalized connected diagram”. The temporal contribution of this generalized connected
diagram consists of the product of the temporal contributions of the constituent diagrams, and its
spatial contribution consists of the lattice sum of all the ways that one can partially or fully overlap
these constituent diagrams on the lattice. The linked cluster theorem is then proved to be valid with
respect to the generalized connected components. Our method is computationally more efficient than
any used previously, and we are therefore able to calculate the Green’s function to fourth order in βt by
hand. Taking the m→∞ limit, we obtain expressions for the Dyson-Mori self-energy valid in the limit
of infinite spin species, which may be interesting in the context of slave boson techniques [21, 22, 23].
Numerical high order calculations for both the Green’s function and the time-dependent density-density
and spin-spin correlation functions shall be presented in a separate paper[25].
1.4 Outline of paper
In sections 2.1 and 2.2, we develop diagrammatic rules for the partition function, and give examples of
their use. In section 2.3 we discuss the linked-cluster theorem with respect to “generalized connected
components”. In sections 2.4 and 2.5 we derive a formula for the restricted lattice sum of a disconnected
diagram with n of the original components and use this formula to prove the aforementioned linked-
cluster theorem. We are thus able to write the thermodynamic potential as a sum of the contributions of
the generalized connected components. In sections 3.1 and 3.2, we extend the methods developed for the
thermodynamic potential to derive diagrammatic rules for the Green’s function. In particular, the linked-
theorem is used to show that the partition function in the denominator of the Green’s function cancels
the disconnected diagrams consisting of several generalized connected components in the numerator.
Hence, the Green’s function is written as a sum of generalized connected components. In section 3.3, we
give results for the Green’s function to 4th order in βt for m spin species on a d-dimensional hypercube.
In section 3.4, we give the 4th order results for the Dyson-Mori self-energy in the limit of infinite spin
species i.e. m→∞. Finally, in section 3.5, we extend the formalism to the calculation of time-dependent
density-density and spin-spin correlation functions.
2 Expansion for the thermodynamic potential
2.1 Diagrams for the partition function
The partition function and thermodynamic potential are defined as
Z = Tr(e−βHˆ); Ω = −T lnZ. (3)
We write the Hamiltonian as
Hˆ = Tˆ − µNˆ, (4)
where Tˆ is the kinetic energy operator, and Nˆ is the number operator. Comparison with Eq.(2) shows
that
Tˆ = −
∑
ijσ
tijX
σ0
i X
0σ
j ; Nˆ =
∑
iσ
Xσσi . (5)
The partition function (Eq.(3)) is then written as
Z = Tr(eβµNˆe−βTˆ ), (6)
where we have used the fact that the kinetic energy operator commutes with the number operator.
Expanding e−βTˆ , we obtain
Z
Z0
=
∞∑
n=0
βn
n!
∑
j1j
′
1...jnj
′
n
σ1...σn
tj1j′1 . . . tjnj′n〈X
σ10
j′1
X0σ1j1 . . . X
σn0
j′n
X0σnjn 〉0, (7)
where we have used the definitions
Z0 ≡ Tr(e
βµNˆ ); 〈Oˆ〉0 ≡
Tr(eβµNˆ Oˆ)
Z0
. (8)
The creation and destruction operators in the expectation value in Eq.(7) will distribute amongst the
various sites of the lattice with the following restrictions. For a given site, creation and destruction must
